Homogeneous and evanescent

contributions in scalar near-field diffraction
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The contributions of homogeneous and evanescent waves to two-dimensional near-field diffraction

patterns of scalar optical fields are examined in detail.
contributions are introduced as convenient measures of their relative importance.

The total plane-integrated intensities of the two
As an example, the

diffraction of a plane wave by a slit is considered.
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1. Introduction

Important recent developments in near-field micros-
copy, near-field spectroscopy, and high-density optical
data storage have prompted considerable interest in
near-field optics,'* in which both the spatial features
of the objects and the propagation distances can be
much smaller than a wavelength. Unlike conven-
tional optical systems, whose resolution is fundamen-
tally limited by the wavelength, near-field systems
can achieve subwavelength resolution by interaction
with the evanescent near field, which carries informa-
tion about spatial periods in the structure of an object
that are smaller than a wavelength (see Fig. 1).

In this paper we elucidate the effects of diffraction
in the near field by examining the separate contribu-
tions of homogeneous and evanescent (inhomoge-
neous) waves to two-dimensional (2-D) near-field dif-
fraction patterns of scalar fields. Some discussion of
near-field diffraction based on such a decomposition
can also be found in papers by Harvey®> and by
Massey.* The consequences of neglecting evanescent
waves in certain near-field distributions have been
discussed by Carter.”® For the sake of mathematical
simplicity, and also because in the 2-D case the exact
electromagnetic diffraction problem can be described
by a scalar theory,® we restrict our analysis to 2-D
diffraction.

First, in Section 2 some basic relations for calculat-
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ing the homogeneous and the evanescent contribu-
tions to an arbitrary field are discussed. Then in
Section 3 the concepts of total homogeneous intensity
and total evanescent intensity are introduced. Fi-
nally, in Section 4 the behavior of the two contribu-
tions is illustrated for the case when a plane wave is
diffracted by a slit in an opaque screen.

2. Homogeneous and Evanescent Contributions

Let us consider a 2-D monochromatic scalar optical
field V(x, z, t) = U(X, z)exp(—iwt) (o being the temporal
frequency). U(x, z) obeys the 2-D Helmholtz equa-
tion,

(V2 + k3U(x, z) = 0, (2.1)

where V2= 92/9x2 + 92/9z2, k = w/c = 2m/\ is the
free-space wave number, c is the speed of light in
vacuum, and \ is the wavelength.

We are interested in free-space propagation of the
field U(x, z) from the plane z = 0 into the half-space
z > 0. We shall assume that all sources, scatterers,
diffracting apertures, etc., are located in the half-
space z < 0. Using the angular spectrum representa-
tion,10-15 we can write the field U(x, z) for z = 0 as the
sum of a homogeneous contribution Uy(x, z) and an
evanescent (inhomogeneous) contribution U;(x, z),

U(x, z) = UyX, z) + UiX, 2). (2.2)

Un(x, z) is a superposition of homogeneous plane
waves that propagate into the half-space z > 0,

Ui(x,z)= f aluexplikuyxjexplikz(1 — u2//2|du,,
lux=1
(2.3a)
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Fig. 1. Diagrams of (a) a conventional optical microscope and (b) a
collection-mode near-field scanning optical microscope.

whereas Uj(x, z) is a superposition of evanescent (inho-
mogeneous) plane waves that decay exponentially
along the positive z direction,

Uix,z) = f alu,Jexpliku,xjexp|—kz(u2 — 1)*2|du,.
uy>1
(2.3b)

It should be noted that the homogeneous and the
evanescent contributions each separately satisfy the
Helmholtz equation.

The spectral amplitude function aluy) appearing in
Egs. (2.3) is the spatial Fourier transform of the field
distribution U(x, 0) in the plane z = 0:

alu,) = %f U(x’, O)exp(—iku,x')dx’. (2.4)

For the near-field geometries of interest in this paper
we can restrict our analysis to well-behaved functions
U(x, 0) that are of finite support, i.e., well-behaved
functions that vanish outside some finite x range.
U(x, 0) is then square integrable; furthermore, a(u,) is
the boundary value on the real u, axis of an entire
analytic function.16
Using relation (2.4), we may rewrite Egs. (2.3) as

Ux, z) = f | ¥, (x — x', ZU(x', 0/dx’, (2.5a)

Uix, z) = f ¥(x — x’, ZU(x', O)dx’, (2.5b)
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with the kernels ¥ (x, z) and %, z) given by the
formulas

k 1
H X, z) = - f cos(ku,xexp|ikz(1 — u?*?|du,

0

(2.6a)

K
X, z) = ;f cos(ku, x)exp| —kz(uZz — 1/?|du,.
1

(2.6b)
It can readily be shown that
(X, z)= (X, 2) + X, 2)
3 ikz "
SOt 2 HY [k(x? + 222, (2.7)

where H is a Hankel function of the first kind and
first order. Expression (2.7) is the usual 2-D free-
space wave propagator.t’

If we let z = 0 in Eqgs. (2.6), the integrations with
respect to u, can be performed at once, yielding

1 sin(kx)
W plx, 0) = —— — (2.8a)
, 1 sin(kx)
¥ ilx, 0) = d(x] — = x (2.8D)

where §(x) is the Dirac delta function. After substitut-
ing these relations into Egs. (2.5), we find that

1 [ sinkx —x')]
Uh<X, O) = ; W U(X’, O)dX', (293)
1 [~ sinkix — x')]
Ui(x, 0) = U(x, 0) — - W U(x’, 0)dx’.
(2.9b)

Because the location of the plane z = 0 is essentially
arbitrary, analogous expressions must also apply to

———-

x=d/2
——

...................................... _—

-_ - z

x=-d/2
——

z=0

Fig. 2. Slit of width d in an opaque screen, illuminated by a
normally incident plane wave.



z=0A z=002 A\ z=0.1A z=05A
6 T r -
4l
[U(x,z) ﬂ
0 N —A
3 et ; - . .
2} ! |
|Uh(x,Z)| "/_/\\_‘_\
0 " L " re
4 ——r— Yo
Uj(x,2) ~ \W g NV NV

_4 e rverererrath e
-3 -2-10 1 2 3

x/A x/h

~-3-2-10 1 2 3

3-2-101 2 3
x/A

-3 -2~«1 0 1 2 3
x/A

Fig. 3. Near-field diffraction patterns showing |U(x, z)|, |Un(x, z)|, and Uj(x, z) for a slit of width d = 0.2\ with the choice K = \/d = 5.

any plane z = const. = 0:

17 sinkix-x) o ,
Unx, z) = = B W U(x’, z)dx’, (2.10a)
1 sinkx — x|
Uilx, z) = U(x, z) — ;f W U(x’, z)dx'.
(2.10b)

We see from the preceding discussion that there are
three alternative pairs of expressions that can be used
to determine the homogeneous and the evanescent
contributions to the field in any plane z = const. = 0:
Egs. (2.3), Egs. (2.5), and Egs. (2.10). The first pair,
Egs. (2.3), expresses Uy(x, z) and Ui, z) in terms of
the spectral amplitude function, a(u,), which itself
can be computed by taking a Fourier transform of the
field distribution U(x, 0) in the plane z = 0 [see Eq.
(2.4)]. In the near field these equations are well
suited for numerical implementation because all the
integrations can be performed with fast Fourier
transforms.

The second pair of equations, Egs. (2.5), deter-
mines Uy(X, z) and U;(x, z) directly from the field distri-
bution U(x, 0) in the plane z = 0. However, for
arbitrary z the kernels ¥ (x, z) and % (x, z), given by
Eqgs. (2.6), cannot readily be expressed in closed form.

Last, Egs. (2.10) can be used to obtain Uyx, z) and
Uilx, z) in any plane z = const. = 0 from knowledge of

the field distribution U(x, z) in that plane. 1f U(x, z)is
not known, but either Uy(x, z) or Ujx, z) is known, Egs.
(2.10a) and (2.10b) are of the form of Fredholm integral
equations of the first and the second kind, respec-
tively, for the unknown U(x, z). The integral operator
that appears in Eq. (2.10a) has been studied exten-
sively and occurs in a variety of contexts.18-21

3. Total Intensities

We shall now introduce the concepts of total (plane-
integrated) homogeneous intensity and total (plane-
integrated) evanescent intensity as rough convenient
measures of the relative importance of the contribu-
tions Uyx,z) and Ujx, z) to the field distribution
u(x, z).

Using Eqg. (2.2), we can write the intensity of the
field 1(x, z) = |U(x, )2 in the form

(X, Z) = 14X, 2) + LiX, Z) + L%, Z), (3.1)

where
WX, Z) = |Uy(X, 2)%, (3.2a)
L, z) = |U;x, )P, (3.2b)

are the intensities of the homogeneous and of the
evanescent contributions, respectively, and the term

lhilX, ) = U, Z)Ui(x, z) + Upx, 2ZU*x, z)  (3.2¢)

arises from interference between the homogeneous
and the evanescent contributions. We now define
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Fig.4. Same as Fig. 3 but for widthd = Ixand K = \/d = 1.

the total intensity ly(z), the total homogeneous inten-
sity 1{3(z), and the total evanescent (inhomogeneous)
intensity 1},,(z) by the expressions

lorlZ) = f 1(x, z)dx, (3.3)
Ih(z) = f Ih(x, z)dx, (3.4a)
10(z) = f ix, Zjdx, 3.4b)

respectively.
From Egs. (2.3) and (3.1—3.4) it follows that the
total intensity is just the sum

liotlz) = I[tg‘t( z) + I%t(ZL (3.5
where
, 2m ,

I5z) = « f alu,)2du, (3.6a)

uy/=1
I‘tlb‘t( ) =0 ux)‘zexp[_2kz<u>2< - 1)1’/2]dux

jux>1

(3.6b)
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There are only two terms in Eg. (3.5) because the
integrated interference term can be shown to be
identically zero. Furthermore, as is evident from
Eqg. (3.6a), the total homogeneous intensity is con-
served on propagation in the sense that 1(z) is
independent of z. Hence we may drop the z argu-
ment in 11(z), and we will do so from now on. The
conservation of total homogeneous intensity on propa-
gation and related conservation laws is discussed in
Refs. 22-25.

By substituting the spectral amplitude function
from Eq. (2.4) into Egs. (3.6), we can rewrite the total
intensities I“t*[‘,‘t and 1})(z) in terms of the field distribu-
tion U(x, 0)in the plane z = 0 as

x")]

sin[k(x’ —
fdxfd” X

X U*x', 0)U ),

(h)
ItOt

(3.7a)

Itiot(z)zJ. dx’f dx” ¥ (x’ — x", 2z)U*(x’, O)U(x", 0),

(3.7b)

where the kernel ¥i(x,z) is given by Eq. (2.6b).
Alternatively, using the fact that 1), is independent of
z, we can also express 1), and I} (z) in terms of the

field distribution U(x, z) in an arbitrary plane z =
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Fig.5. Same as Fig. 3 but for widthd = 5\ and K = A/d = 0.2.

const. = 0, as follows:

J‘ J‘ sink(x’ — x")|
dx' | A _)

I\hJ —
tot

X U*x’, zU (3.8a)
Itiot(z)=J‘ U(x, zzdx——f dx’ f dx”
sin[k(x’" — x|
——— U*x/, ZU(X’, ). (3.8b)
X" =X
Evidently the total intensities li(z), 17, and 1\ (z)
are useful only if they are finite quantities. In this

connection it should be pointed out that there are
physically realistic field distributions that have infi-
nite total intensity but finite total energy flux.26
Because the field distribution U(x, 0) that we are
considering is square integrable [see remarks below
Eq. (2.4)], 1,,d0) is finite, and, consequently, so are liz),
I, and 1)) (z) because, as can easily be shown,

tot?
lotlZ) = lotlO), 1 < 1iod0),  114{Z) < 1o O).
Instead of using the total intensities 1\, and 1\(z) as
measures of the relative importance of Uy(x, z) and
Uilx, z), one might consider using the total energy flux
Fl and the total reactive energy F|.(z) for this
purpose. As discussed in Appendix A, these quanti-
ties can be defined by means of the scalar analog of

the complex Poynting theorem. In terms of the
spectral amplitude function a(u,), they may be written
as

F = 4moa f (1 — uz*2?|aluy?du,, (3.9a)
lux=1
Fiolz) = 41Twaf (uZ — 172[aluy)
uy/>1
X exp|—2kz(u? — 1)%2|du,, (3.9b)

« being a positive constant, as we demonstrate in
Appendix A. Equations (3.9a) and (3.9b) should be
compared with their counterparts for the total intensi-
ties, Egs. (3.6a) and (3.6b). As expected, we see that
the total energy flux F}%, depends only upon the
homogeneous contribution Uy(x, z) and is independent
of the propagation distance z, whereas the total
reactive energy F| (z) depends only upon the evanes-
cent contribution Ujx, z) and decays with z. How-
ever, because of the multiplicative factor (u2 — 1)¥/2in
Eg. (3.9b), the total reactive energy can diverge in
cases when the total evanescent intensity is finite.
In fact, for the example considered in Section 4 one
can show that the total reactive energy does indeed
diverge in the planez = 0. For this reason we choose
to use the total intensities 1y}, and 1},(z) rather than
Fi.and Fi (z) in our near-field analysis.

10 June 1995 / Vol. 34, No. 17 / APPLIED OPTICS 3059



4. Diffraction by a Slit

The analysis of diffraction of light by an aperture in
an opaque screen can be separated into the treatment
of two distinct problems: the boundary-value prob-
lem and the propagation problem. The boundary-
value problem consists of determining the field imme-
diately behind the screen for a given incident field and
known material properties of the screen, whereas the
propagation problem involves determining the field at
some distance from the screen when the field immedi-
ately behind the screen is known. Because in most
cases it is very difficult to determine the exact bound-
ary value of the field, approximate boundary condi-
tions are often used, such as those given by the
Rayleigh—Sommerfeld theories or the Kirchhoff
theory.27.28

We now consider, as an example, the near-field
diffraction of a plane wave normally incident upon a
slit of width d in an opaque screen (see Fig. 2), using
approximate boundary conditions. We assume that
directly behind the slit, in the plane z = 0, the field
may be approximated by the Rayleigh—-Sommerfeld
boundary condition of the first kind?7:28;

Uindx, 0) for —d/2 =x=d/2

U(x, 0) = .
X, 0) 0 otherwise

, (4.1)

where Ui(X, z) represents the incident field. For the
case of a normally incident plane wave, Ui (X,0) =
K, where K is a constant. It should be pointed out
that, for the small slit widths of interest here, one
would expect the actual field distribution in the plane
z =0, i.e., the solution to the rigorous boundary-value
problem, to be rather different from the field distribu-
tion given by the above boundary condition. Never-
theless, we can still gain some understanding of
propagation in the near field by employing this ap-
proximate boundary condition.

i 18 /1,0,(0)
0.8

0.6
04

02f

)
»

d/A
)

Fig. 6. Total homogeneous intensity I, (which is independent
of z) and total evanescent intensity 11,(0) in the plane z = 0 as
functions of the slit width d. These curves were computed from
Egs. (4.5)and (4.8).
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Using Eq. (2.4), we find that the spectral amplitude
function associated with boundary condition (4.1) is

K sin(uckd/2)

alu
uy T Uy

(4.2)

Consequently, according to Egs. (2.3) and (3.6), the
homogeneous and the evanescent contributions in
any plane z = const. = 0 are

K sin(uckd/2) )
Unlx, z) = — ——  explikuyx)
™ uy=1 X
X explikz(1 — u/2|du,, (4.3a)
K sin(uckd/2)
Uix, z) = — ——— explikuyx)
Jux>1 X
X exp|—kz(u? — 1/¥2|du,, (4.3Db)

1) @)

Lix (0)

z/ A

Fig. 8. Total evanescent intensity 1\(z) computed from Eq. (4.4b)
as a function of the distance z for various slit widths.



and the total intensities are

[ 4110) fl sin?(u,kd/2)
0

e 5 du,, (4.4a)

Uy

" Al 0) [~ sinFukd/2)
tOt( ) "ﬂ'kd L ui

X exp|—2kz(u? — 1)¥2|du,.  (4.4b)
Here 1i0) = |K[2d is the total intensity in the plane

= 0. Eguation (4.4a) for the total homogeneous
intensity can be rewritten in a more compact form as

| tt;‘t | tot( )

2 4
Si(kd) —Wsmz (kd/2)[, (4.5)

where Si() is the sine integral

Psint
T dt. (4.6)

Furthermore, in the plane z = 0, expressions (4.3a)
and (4.3b) for the homogeneous and the evanescent
contributions reduce to

neous contribution Uy(X, z). The decay of the evanes-
cent contribution Uj(x, z) is obviously most important
for the case d = 0.2\, and, consequently, for this slit
width there is a substantial broadening and decrease
in the amplitude of the field distribution U(x, z) on
propagation from the plane z=0toz = 0.5\

Figures 6-8 show 13, and 1{,(0) as functions of the
slit width d and l.(z) and 1},(z) as functions of the
propagation distance z. From Fig. 6 we see that, for
slit widths smaller than about half a wavelength, the
total evanescent intensity 1\ (0) in the plane z = 0
becomes quite appreciable compared with the total
homogeneous intensity 1. However, as is evident
from Fig. 8, 1},,(z) decreases very rapidly with z in all
cases.?®

5. Conclusion

We have studied the contributions of homogeneous
and evanescent waves to near-field diffraction pat-
terns. Itis clear from our general analysis and from
the example presented in Section 4 that changes in
the field for propagation distances much smaller than
a wavelength are dominated by the decay of the
evanescent contribution. Although we have consid-
ered only two-dimensional scalar fields, the analysis

Uy, 0) = K {Sl x + d/2)] — Silkix — d/2)], (4.7a)
g{w — Silkix + d/2)| + Sikx — d/2)}  for —d/2 =x=4d/2
Uix, 0) = : (4.7b)

K
——{Sl (x +d/2) —

Silkix — d/2)]

otherwise

and expression (4.4b) for the total evanescent inten-
sity reduces to

2 4
- —Sl(kd)+—sm2 (kd/2)[. (4.8)

| “ti(])t(o) = kd

ot 0) 1

We can now examine the field U(x, z), the homoge-
neous contribution Uy(X, z), the evanescent contribu-
tion Uj(x, z), the total intensity ly(z), the total homoge-
neous intensity |1, and the total evanescent intensity
I)(z) in the near field for specific values of the slit
width d and of the propagation distance z.

Figures 3-5 depict | (x, z), and Ujx, z)
forz =0,z = 0.02\, z = 0.1\, and z = 0.5N. These
figures were computed from Eqgs. (4.3) with fast
Fourier transforms. Figures 3, 4, and 5 pertain to
slits of width d = 0.2\, d = 1\, and d = b5\,
respectively. We see that, for z <« \, changes in the
field U(x, z) from its initial value U(x, 0) are mostly
caused by the decay of the evanescent contribution
Ui(x, z) with only slight modifications in the homoge-

can be extended to three-dimensional scalar fields
and to vector fields in a straightforward manner.

In the future we plan to examine the exact bound-
ary-value problem and approximate boundary condi-
tions that can be used to model the near field more
accurately than the Rayleigh—Sommerfeld or Kirch-
hoff boundary conditions.

The author thanks Emil Wolf, Brian Cairns, and
David G. Fischer for their comments on this paper
and Weijian Wang for helpful discussions. This work
was supported by the U.S. Army Research Office
under the University Research Initiative Program,
the National Science Foundation, and the New York
State Science and Technology Foundation.

Appendix A:  Total Energy Flux and Total
Reactive Energy

In this appendix we discuss the scalar analog of the
complex Poynting theorem30-32 and derive Eqgs. (3.9)
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of the text for the total energy flux and the total
reactive energy.

For a 2-D monochromatic scalar field one can define
a complex time-averaged energy flux vector F(x, z) by
the expression

F(x, z) = 2ioaU(X, ZVU*(x, z), (A1)

where « is a real, positive constant and V = Xa/dx +
26/82, X and Z being unit vectors along the positive x
and z directions, respectively. Taking the divergence
of Eq. (A.1) and using Eq. (2.1), we obtain the relation

V- Flx, z) + 2io€(x, 2) =0, (A.2)

€(x,2)=alk?U(x, z)2 = |VUIX, z) 2. (A3
Equation (A.2) is exactly of the same form as the
complex Poynting theorem in source-free regions.
The energy flux vector F(x, z) is analogous to the
complex Poynting vector, and the quantity €(x, z) is
analogous to the difference between the electric and
the magnetic energy densities that appears in the
complex Poynting theorem.

By integrating Eg. (A.2) over a finite volume ¥
bounded by a surface ¥ and applying Gauss’' theo-
rem, we can rewrite the equation in the integral form

f F(x, z) - AdS + Ziwf ¢(x,zdV =0, (A.4)
g

o

where A is the outward unit normal to the volume ¥
and dS is an element of surface area. Alternatively,
by taking the real (Re) and the imaginary (Im) parts of
Eq. (A.4), we have

f RelF(x, z) - AldS =0, (A5)
4

f Im[F(x, z) - AldS + wa €(x,z)dV =0. (A.6)
g

¥

Equation (A.5) shows that there is no net energy flux
through the closed volume, and Eq. (A.6) gives the
energy balance for the reactive energy stored in the
volume.

From the above considerations we see that the total
energy flux and the total reactive energy across any
plane z = const. may be defined by the formulas3?

Fhiz) = f Re[F(x, z) - 2|dx,

(A.7a)
Fllz) = J- Im[F(x, z) - 2]dx, (A.7Db)
respectively. If we now use Egs. (2.2, (2.3), (A.1), and

(A.7), we readily find that F, and F}(z] may be
rewritten in terms of the spectral amplitude function
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alu,) as

Fl = 4moa f 1- u)z()lr'"z\a(ux)\zdux, (A.8a)

lux/=1

Flolz) = 4moaf (ug = 12[aluy)?

Jux>1

X exp|—2kz(uz — 1/*?|du,, (A.8b)
which are Egs. (3.9a) and (3.9b) of the text. We used
the superscripts (h) and (i) here because, from the
limits of integration in Egs. (A.8), we see that the total
energy flux F\", depends only upon the homogeneous
contribution, and the total reactive energy F. (z)
depends only upon the evanescent contribution. We
also omitted the z argument in F", because the total
energy flux is independent of z.
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